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Abstract. As the generalization of TSP (Travelling Salesman Problem), TSPN
(TSP with Neighborhoods) is closely related to several important real-world
applications. However, TSPN is signiﬁcantly more challenging than TSP as it is
inherently a mixed optimization task containing both combinatorial and continuous components. Different from previous studies where TSPN is either
tackled by approximation algorithms or formulated as a mixed integer problem,
we present a hybrid framework in which metaheuristics and classical TSP solvers are combined strategically to produce high quality solutions for TSPN with
arbitrary neighborhoods. The most distinctive feature of our solution is that it
imposes no explicit restriction on the shape and size of neighborhoods, while
many existing TSPN solutions require the neighborhoods to be disks or ellipses.
Furthermore, various continuous optimization algorithms and TSP solvers can
be conveniently adopted as necessary. Experiment results show that, using two
off-the-shelf routines and without any speciﬁc performance tuning efforts, our
method can efﬁciently solve TSPN instances with up to 25 regions, which are
represented by both convex and concave random polygons.
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1 Introduction
TSP (Travelling Salesman Problem) is a well-known combinatorial optimization
problem, which has been extensively studied in the past decades [1]. Given a set of
n cities and their locations, an optimal (shortest) cyclic tour is required that visits each
city once and only once. Although it is possible to work out the optimal solution via
brute force search for small n values, TSP is an NP-hard problem and the size of the
search space (possible permutations of cities) grows quickly as n increases, making
exact methods computationally prohibitive. Since TSP has found wide applications in
robot motion planning, logistics and manufacturing, there are already a number of
techniques that can effectively tackle TSP instances with hundreds of cities using
approximation, heuristic or metaheuristic algorithms [2–4]. Furthermore, the classical
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TSP can be also extended to non-Euclidean spaces as well as a variety of interesting
problems, such as Asymmetric TSP and Generalized TSP (One-of-a-Set TSP) [5].
TSPN (TSP with Neighborhoods) is an extension of TSP in which each city is
represented by a continuous region called neighborhood and the optimal solution is the
shortest path that visits/connects all regions [6]. It is easy to see that when the size of
the region reduces to zero, TSPN is identical to TSP. There are several scenarios in
practice that can be formulated as TSPN. For example, given a set of geographically
distributed wireless sensors, it may be necessary to use a mobile robot to collect the
data from each sensor. Since each sensor has an effective communication range, typically represented by a disk, the mobile robot can download the data once it reaches the
boundary of the disk, instead of the exact location of the sensor itself. Similarly, a
postman delivering parcels to villages does not necessarily need to visit each household
in person. Instead, one resident in each village can serve as the agent to distribute
parcels to other residents in the same village. In both cases, the objective of route
planning is to ﬁnd the shortest cyclic path that intersects with each region.
A formal deﬁnition of TSPN is as follows:
minimize:

n1 
X



d psðiÞ ; psði þ 1Þ þ d psðnÞ ; psð1Þ

ð1Þ

i¼1

subject to:
pi 2 Qi  Rm ; i 2 ½1; n
sðiÞ 2 ½1; n; sðiÞ 6¼ sð jÞ;

8i 6¼ j

ð2Þ
ð3Þ

According to Eq. 1, a TSPN tour contains n path segments, which sequentially
connect n regions. Equation 2 requires that each access point p must be within its
corresponding region Q. The fundamental property of TSP is ensured in Eq. 3 so that
each access point is visited once and only once. In our work, we assume that the
distances between any two points are symmetric.
TSPN is signiﬁcantly more challenging than TSP as it contains both combinatorial
and continuous components. In fact, it is necessary to identify a proper access point for
each region as well as simultaneously ﬁnd the optimal permutation of these access
points, which is itself a TSP task. These two objectives are also correlated. Given a set
of access points, its quality depends on the speciﬁc permutation while the quality of a
permutation depends on the access points selected. Since the objective function contains different variable types, most optimization techniques cannot be applied in a
straightforward manner. After all, due to the presence of the continuous component, the
search space of TSPN is inﬁnite, making it impossible to guarantee an optimal solution,
unless additional constraints are imposed on the regions.
In the literature, TSPN is largely attempted by approximation algorithms, which
aim at ﬁnding a PTAS (Polynomial-Time Approximation Scheme) for TSPN [7–10].
The major issue is that strict assumptions on neighborhoods (e.g., disks or fat objects
of comparable sizes) are essential for producing relatively compact approximation
factors, which are still often very large along with high time complexity. Since the
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implementations of these algorithms can be complicated and very few if any experimental studies have been reported, their practicability remains unclear. TSPN can be
also formulated as a non-convex Mixed-Integer Nonlinear Program (MINLP), which
has the attractive feature that ﬁxing all the integer variables can yield a convex nonlinear problem [11]. However, although the technique is claimed to be highly efﬁcient,
only TSPN instances with up to 16 regions were tested. Furthermore, since each region
is speciﬁed by a set of inequalities, all regions are effectively restricted to convex
polygons. There are also a few studies on using metaheuristics for solving TSPN where
the regions are represented by disks of varying sizes [12, 13].
In practice, the shapes of regions can be complex. For example, a large number of
wireless sensors can be deployed in several areas that are distant from each other.
However, within each area, sensors may be densely distributed (sufﬁciently close to
each other) so that it is possible to transfer data from all sensors to a speciﬁc sensor
using multi-hop communication. As a result, instead of requiring the mobile robot to
visit each sensor, it only needs to visit a single sensor located in each area. Since the
communication range of each sensor is a disk, the neighborhood can be viewed as the
overlapping of many disks, creating an arbitrarily complex region (Fig. 1).

Fig. 1. An example of two clusters of wireless sensors. The effective range of each sensor is
shown as a disk and the overall shape of each cluster is very complex.

In this paper, we present a hybrid framework for solving TSPN with arbitrary
neighborhoods. The key feature is that there is little if any assumption on the shape of
regions, other than being able to sequentially represent each possible access point along
the region boundary. Meanwhile, the continuous component (optimization of access
points) is handled by a competent metaheuristic while the combinatorial component
(optimization of the order of access points) is handled by an efﬁcient TSP solver.
Actually, the TSP solver is used as the ﬁtness function in the metaheuristic to evaluate
the quality of candidate access points and is otherwise independent from the metaheuristic. By doing so, our method can beneﬁt from state-of-the-art techniques in both
communities and is easy to apply by using off-the-shelf implementations.
Section 2 gives the representation of neighborhoods and access points used in our
work. It also shows the extra challenge due to non-convex regions. Section 3 presents
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the details of the proposed hybrid framework while experiment results are shown in
Sect. 4 to demonstrate the performance of our method. This paper is concluded in
Sect. 5 with some discussions on the direction of future work.

2 Methodology
For the convenience of computing, each region (neighborhood) is speciﬁed by a random simple polygon in the 2D Euclidean space. The number of edges can be manually
controlled and each polygon can be either convex or concave (Fig. 2), reflecting the
most general situation. Note that any neighborhoods can be reasonably approximated
by polygons with a large number of edges.
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Fig. 2. A concave polygon with 6 vertices. The top-right vertex is assumed to be the starting
point. Each vertex is encoded as a continuous value along the anti-clockwise direction.

Meanwhile, creating random simple polygons is not a trivial task. A simple
polygon means a polygon without any intersecting sides. In this paper, we use an open
source routine based on the Delaunay triangulation of a set of random points [14].
Depending on the desired complexity of polygons, a number of random points are
generated within an area and a polygon is then created based on them. Alternatively,
given a speciﬁc region (e.g., the map of a city), we can sequentially sample data points
along the boundary to form the polygon.
Once the parameters (coordinates of vertices) of a polygon are determined, a key
factor is how to represent each access point. In the 2D space, each access point can be
naïvely represented by its X and Y coordinates. However, it is not convenient as two
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values are needed (with possibly different ranges) and special constraint handling is
required to make sure that the access point is valid (located on the boundary). More
speciﬁcally, metaheuristics often apply operators such as crossover and mutation on
candidate solutions, altering their values randomly. As a result, a simple box-bounded
search space is preferred as metaheuristics often do not come with advanced constraint
handling strategies.
For regular shapes such disks, it is possible to use the polar coordinate system
according to which each access point is encoded as an angle value. Since there is no
speciﬁc assumption on the shape of neighborhoods, we cannot rely on any parametric
representation of the boundary. Instead, we propose to use the following coding
scheme, which is applicable to any type of polygons:
Pk1
E ð xÞ ¼

i¼0

dð vi ; vi þ 1 Þ þ dð vk ; xÞ
L

ð4Þ

Given a polygon and its ordered list of vertices v0, …, vn−1, assume vk is the vertex
directly preceding access point x and L is the length of the entire boundary. Access
point x is encoded as the ratio between its distance from v0 along the boundary and the
perimeter of the polygon, as shown in Eq. 4. By doing so, each access point is represented by a single variable within [0, 1) and any value within [0, 1) corresponds to a
unique access point on the boundary. Note that any vertex can by chosen as the starting
point v0 and the direction (clockwise vs. anti-clockwise) is not critical. Figure 2 shows
the encoded values of the 6 vertices following the anti-clockwise direction where the
top-right vertex is regarded as v0.
Finally, non-convex regions present signiﬁcant challenges to traditional TSPN
techniques. For example, for disk regions, it is easy to predict the distribution of
optimal access points given the order of disks, reducing the search space dramatically.
Furthermore, convex optimization methods are no longer valid as the search area
cannot be represented by a set of inequalities. Also, the structure of the search space is
likely to be more complex with non-convex regions. For example, given a disk and an
external point x, assume that the nearest point on the disk boundary is x′. As the access
point moves away from x′, the distance between x and the access point is expected to
increase monotonically, creating a smooth landscape. However, for non-convex
regions, this is not necessarily the truth. Instead, the resulting landscape may be highly
multimodal with several peaks (local optima), which creates much higher-level difﬁculty for optimization techniques.

3 Framework
The motivation of proposing a hybrid framework is largely due to the fact that solving
TSPN involves two sub-tasks: the optimization of the locations of access points
(continuous) and the optimization of the order of access points (combinatorial). The
classical optimization community has produced many efﬁcient TSP solvers, which can
reliably ﬁnd high quality tours for problems with hundreds of cities within a fairly
small amount of time. Meanwhile, the metaheuristic community has come up with
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competent stochastic algorithms that can effectively handle multimodal problems with
little assumption on their structure (e.g., being convex or differentiable). After all,
although metaheuristics can be used to solve TSP, their performance is typically not
comparable to state-of-the-art TSP solvers based on well-studied heuristics.
The objective is to introduce a general TSPN solution, which builds upon existing
research outcomes and can hide most of the unnecessary details from practitioners.
Unlike many existing studies that present speciﬁcally tailored methods, which are often
sophisticated and difﬁcult to deploy, our framework is easy to implement by incorporating off-the-shelf routines. Although it is possible to formulate TSPN as a mixed
optimization problem where the two types of variables are optimized simultaneously,
the two sub-tasks can be accomplished separately. In Fig. 3, the metaheuristic is
dedicated to optimizing the locations of access points while the quality (ﬁtness) of each
set of candidate access points is evaluated by a TSP solver, which returns the length of
the TSP tour (expected to be identical or sufﬁciently close to the optimal tour for small
scale problems). By doing so, the two sub-tasks are solved alternately, which reduces
the complexity of the original problem and makes different algorithms work on their
most suitable problems. In fact, users only need to specify the coding scheme and select
the desired optimization routines (Algorithm 1).

Algorithm 1: Hybrid TSPN Solution
Input: Coordinates of vertices of n polygons
Output: p(access points), τ(permutation)
P ← a population of random n-D vectors
Repeat until stopping criteria met
Repeat evaluate each vector pi in P
C ← Decode(pi)
[Li,τi] ← TSP_Solver(C)
Return tour length Li as the fitness
End
P ← Metaheuristic(P,L)
End
Return best p* and τ* found

Given n regions, the original optimization problem is as follows where x is an n−D
real vector (locations) and τ is the permutation of n regions:
minx mins f ðx; sÞ

ð5Þ

In Eq. 5, f (x, τ) returns the length of the tour deﬁned by x and τ. In the proposed
framework, the objective function used by the metaheuristic is:

210

B. Yuan and T. Zhang

Fig. 3. The proposed hybrid framework for solving TSPN with arbitrary neighborhoods

gðxÞ ¼ f ðx; s Þ where s : mins f ðx; sÞ

ð6Þ

According to Eq. 6, g(x) works by ﬁnding the optimal τ* for the given x and
returning the corresponding f (x, τ*) value as the quality of the candidate solution. It is
clear that, if f (x, τ) takes its minimum value at [xg, τg], it is always the truth that g(xg) is
also the minimum value of g(x), which proves the correctness of our method.

4 Experiments
The objective of the experiments is to demonstrate the simplicity and effectiveness of
the proposed framework. For this purpose, we selected an open source metaheuristic
routine CMA-ES [15, 16] due to its featured capability of working with small populations and handling complex dependences among variables and an open source TSP
solver [17]. These two methods were not meant to be the optimal choices and no
speciﬁc performance tuning was conducted.

4.1

Case Studies

Each polygon was created randomly within a 1-by-1 area with up to 6 edges, which can
be either convex or concave. The diversity of generated polygons can be observed
intuitively in Fig. 4. All polygons were distributed randomly within a 5-by-5 area
without overlapping. Most of the parameter settings in CMA-ES were as the default,
except the search boundary, which was bounded between 0 and 1 in each dimension, in
accordance with the encoding scheme. Note that the dimension of the continuous
search space is equal to the number of regions. As to the TSP solver, it works by
randomly selecting a starting node and building an initial tour using the nearest
neighbor method, which is then gradually improved by the 2-opt algorithm.
Figure 4 shows an example of a TSPN tour among 10 polygons. The access point
of each region is shown in circle. For TSPN, it is generally not feasible to have the prior
knowledge about the optimal tour. Meanwhile, existing TSPN techniques are often not
directly applicable to complex neighborhoods and cannot be used for comparison
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TSPN Tour Length: 12.4511
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Fig. 4. A 10-region TSPN tour, showing the selected access point of each region

purpose. Nevertheless, it is still possible to verify the effectiveness of our method by
examining the performance curve in Fig. 5. At the beginning of iteration, the length of
the best tour was around 15.5. In fact, each tour in the initial population was created by
randomly selecting a set of access points and applying the TSP solver to ﬁnd the
corresponding shortest path. As a result, these tours were partially optimized TSPN
solutions and can be used as the base line. After only 50 iterations, the length of the
best tour was already reduced to 12.5 and kept improving slightly till 12.45, which was
a common pattern across different trials. After all, for this relatively small scale
instance, the quality of the resulting tour can be also inspected visually.
Figure 6 shows an example of a TSPN tour among 25 polygons. It is clear that, for
problems at this scale, it is already very difﬁcult to manually work out a near-optimal
solution. However, our method constructed a TSPN tour with length under 17 and the
quality of the tour can again be observed: there were several cases where a single line
segment connected multiple regions, a desirable feature for producing short tours.
The efﬁciency of our method is also evident. On an entry level desktop computer
with Intel i5-3470S at 2.9 GHz CPU, 10-region TSPN instances were typically solved
to a reasonable level in less than 5 s while 25-region TSPN instances required less than
15 s. Note that metaheuristics such as CMA-ES often feature good potential of parallelism and one to two orders of magnitude speedup can be expected using advanced
parallel computing techniques such as GPU computing [18].

4.2

Problem Analysis

Finally, it is equally important to have some insights into the structure of the problem to
understand the challenges confronted by optimization algorithms. We focus on the
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Fig. 5. The current best solution during iteration, showing the fast convergence of CMA-ES
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Fig. 6. A 25-region TSPN tour, showing the selected access point of each region
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continuous sub-task as the combinatorial part (TSP) has been extensively studied in the
literature. Figure 7 (left) shows a TSPN instance with three polygons so that the
optimal permutation is trivial. Totally 10,000 random candidates were generated with
each one represented by a 3-D vector within the range [0, 1). The ﬁtness of each
candidate was evaluated by the length of the corresponding tour (i.e., a triangle). The
candidate with the shortest distance was regarded as the optimal solution and its
distances to all other candidates were calculated.
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Fig. 7. A TSPN example with three polygons (left) and the ﬁtness-distance plot (right), which
shows the relationship between the quality of candidates and their distances to the best solution.

In Fig. 7 (right), each candidate is represented by its Euclidean distance to the best
solution (horizontal axis) and its ﬁtness value (vertical axis). This type of plot is often
referred to as the ﬁtness-distance plot [19], which can provide intuitive information
about the difﬁculty of problems. It is clear that in the region close to the best solution,
there is a positive correlation between ﬁtness and distance: the closer a candidate to the
best candidate, the better its quality. This pattern generally indicates optimization
friendly problem structure, as it provides an effective guidance on the search direction.
However, things are quite different on the far side. Candidates in these regions tend to
get worse (longer tours) when moving closer to the best candidate, which may
unfortunately create a deceptive search space and mislead the optimization process.
There are a number of factors that can influence the correlation between ﬁtness and
distance. For example, the pattern in Fig. 7 (right) may imply that the problem is
inherently multimodal and traditional gradient based methods may not work well. Note
that the encoding scheme will also have direct impact on the problem structure.

5 Conclusion
As a class of optimization problems with signiﬁcant practical implications, TSPN with
arbitrary neighborhoods presents unprecedented challenges to approximation algorithms and convex optimization techniques and no effective solutions are available in
the literature. In our work, we present a novel hybrid framework that combines
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competent algorithms from both continuous and combinatorial optimization communities to tackle TSPN with complex neighborhoods. Without the need to directly
confront a mixed optimization problem, our method features demonstrated simplicity
(largely using off-the-shelf routines), flexibility (imposing little assumption on neighborhoods) and efﬁciency (solving non-trivial TSPN instances in seconds). The current
preliminary study can serve as the foundation for more comprehensive research on
solving large-scale TSPN instances as well as many interesting related problems such
as the safari route problem and the zookeeper route problem. We will also make the
source code available online to help researchers and practitioners further extend and
investigate this hybrid framework.
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