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ABSTRACT
This paper presents some new analytical results on the continuous
Univariate Marginal Distribution Algorithm (UMDAC), which is a
well known Estimation of Distribution Algorithm based on
Gaussian distributions. As the extension of the current theoretical
work built on the assumption of infinite populations, the
convergence behavior of UMDAC with finite populations is
formally analyzed. We show both analytically and experimentally
that, on flat landscapes, the Gaussian model in UMDAC tends to
collapse with high probability, which is an important fact that is
not well understood before.

Categories and Subject Descriptors
G.1.6 [Numerical Analysis]: Optimization – global optimization.

General Terms
Algorithms, Experimentation, Theory

Keywords
EDAs, UMDAC, Theory, Finite Population

1. INTRODUCTION
As an alternative paradigm to traditional Evolutionary Algorithms
(EAs), Estimation of Distribution Algorithms (EDAs) conduct
searching by employing a statistical model instead of applying
genetic operators at the individual level [11]. In each generation, a
statistical model (e.g., Bayesian Networks or Gaussian Networks)
is estimated using a set of selected individuals (typically the best
ones according to the fitness function) from the current population.
All new individuals in the next generation are generated by
sampling from this model, which represents the probability
distribution (structure) of the best current individuals.
Since new individuals in EDAs are generated by sampling from a
well-defined statistical model, the process of evolution can be
fully specified by the model parameters over all generations. This
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provides the opportunity to analyze and draw specific theoretical
conclusions on the convergence behavior of EDAs. By contrast,
due to the lack of such a centralized mechanism guiding the
evolution process, it is usually very difficult to characterize the
detailed behavior of traditional EAs unless significant assumptions
are made to simplify the algorithm and/or the problem [8, 9].
Most of the existing theoretical results on the convergence and
properties of EDAs have been developed in combinatorial and
discrete domains [4, 5, 10, 12, 13, 15, 18]. For example, Shapiro
[15] proves that, on a flat landscape, Population Based
Incremental Learning (PBIL, with binary representation) [2] will
converge to one of the corners of the solution space hypercube due
to the phenomenon known as drift.
In recent years, theoretical research in the continuous domain has
received growing attention from the EDA community. Zhang et. al
[19] gives an important general proof on the global convergence
of EDAs with three widely used selection operators: proportional,
truncation and tournament selection. It is shown that with an
infinite population, an EDA with a model given as an arbitrary
probability density function will converge to the global optimum
with probability 1 as long as the inferred model for the next
generation has identical statistics as the selected set of parent
solutions.
In addition to theoretical work focusing on the global asymptotic
convergence, some progress has also been made towards a more
detailed understanding of the dynamic behavior of EDAs. For
example, González et. al [6] present some analysis of the
continuous Univariate Marginal Distribution Algorithm (UMDAC)
[11] based on Gaussian distributions with tournament selection.
Their analysis shows that the UMDAC model will converge
prematurely (after a finite number of steps) on a linear fitness
function (approximating far from optimum behavior) while it
converges to the optimum on a quadratic function (approximating
behavior close to an optimum) becomes slower when the
dimensionality increases. Grahl et. al [7] give some theoretical
results for UMDAC with truncation selection on monotonic
functions. One of their major findings is that the distance that the
Gaussian model can travel is bounded, with this distance
dependent on the selection pressure instead of the structure of the
landscape. This is in agreement with the previous result for a
linear function[6]. Recently, Yuan et. al [16,17] present some
analysis of UMDAC with truncation selection on unimodal and
multimodal problems as well as the difference between two
offspring selection strategies.

A key assumption of the abovementioned work is that of an
infinite population. This assumption can significantly reduce the
complexity of the analysis, as new individuals will have exactly
the same statistics as the model from which they are sampled. In
this sense, the behavior of UMDAC during evolution can actually
be described by a deterministic process. In practice, however,
population sizes are always finite, and may grow slowly compared
to the dimensionality of the search space. Variations in the process
of sampling from the probabilistic model in this situation are
inevitable, and will subsequently have some impact on the new
model to be built. As a result, with a finite population, the
behavior of UMDAC can no longer be specified deterministically
and its dynamics may not be well described by theory based on the
infinite population assumption.
In this paper, an alternative approach towards more accurate
understanding of the practical dynamics of UMDAC is developed,
in terms of a probability distribution over each model parameter.
Section 2 gives a brief description of the basic working
mechanism UMDAC. In Section 3, a formal analysis of the
Gaussian model in UMDAC on flat landscapes is presented, which
provides deep insights into the convergence behavior of UMDAC
with finite populations. Experimental studies are conducted in
Section 4 to provide empirical justification of our theoretical
results. This paper is concluded in Section 5 with some
discussions and future work.

2. THE FRAMEWORK OF UMDAC
The framework of UMDAC is given in Table 1. Given that the
UMDAC model is a product of univariate Gaussian distributions, it
is sufficient here to consider a one-dimensional optimization
problem and single univariate Gaussian model (i.e., the flat fitness
functions are fully decomposable). The population P of size m is
initialized by sampling from N (µ0, σ02), with the subscript on
model parameters denoting time (generation number). In each
generation, the n (n<m) best individuals are selected via truncation
selection, from which a Gaussian model is built through maximum
likelihood estimation of its parameters. The next population of m
individuals is then generated by sampling from this newly created
Gaussian model.
Table 1. The framework of UMDAC (1D)
Initialize the population of size m: P←N (µ 0, σ02)
REPEAT for i=1,2,… until stopping criteria are met
Evaluate P
Select the best n individuals (n<m)

3. UMDAC ON FLAT LANDSCAPES
3.1 Theoretical Analysis of σ2
Firstly, consider the behavior of the model variance parameter σi2
over generations. Since the landscape is assumed to be flat
(identical fitness everywhere), using truncation selection, the n
individuals are actually selected from m individuals at random
(without replacement) and can be regarded as being directly
sampled from the current Gaussian model. Also, the new model is
to be built on these individuals using maximum likelihood
estimation. As a result, its mean µi and variance σi2 are identical to
the sample mean and sample variance of the n individuals
respectively. The selection pressure directly determines the size of
the sample (n) used to estimate the model for the next generation.
According to Cochran’s Theorem1, the relationship between the
sample variance s2 and the population (or model) variance σ2 of
Gaussian distributions is:
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(2)

Applying Eq. 2 iteratively (over generations), the variance of the
Gaussian model to be built in the ith generation is:
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In Eq. 3, Zj is a random variable following the chi-square
distribution and σ02 is the initial model variance. The expected
value and variance of Zj' are 1 and 2/(n-1) respectively. The
expected value of σi2 is given by Eq. 4, which shows that it
remains unchanged from the initial model variance value σ02.
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The variance of σi2 is given by:
i

Given a flat fitness function and an infinite population, it is easy to
imagine that UMDAC will keep building new models (reestimating model parameters) identical to the initial values,
resulting in a stationary model. However, with a finite population,
due to sampling errors, the process of model building is likely to
be stochastic and it is interesting to give a formal investigation of
the evolution of the Gaussian model.

(1)
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i=i+1

σ
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According to Eq. 1, the ratio between the sample variance and the
variance of the Gaussian model follows a scaled chi-square
distribution with n-1 degrees of freedom. To describe this ratio,
suppose that Z is a random variable following the chi-square
distribution with n-1 degrees of freedom. It is known that the
expected value and variance of Z are n-1 and 2(n-1) respectively.
The sample variance s2 can be rewritten as:

Estimate µ i and σi2 by maximum likelihood
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Eq. 5 contains the variance of the product of i random variables. It
is well known that the variance of the product of two independent
variables u and v can be written as [3]:
1
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For example, using this expansion the variance of σ22 is given by:
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According to Eq. 15, for any ε between 0 and 1, the probability
that Zi* is less than ε consistently increases during generations (the
value of v increases monotonically and log (ε) is always negative).
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According to the above analysis, it is now clear that: i). the
expected value of σi2 is a fixed value (equal to its initial value)
during generations; ii).its variance increases monotonically.
Alternatively, the behaviour of σi2 can be characterized as follows.
Let Zi* represent the ratio between σi2 and σ02:
i
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Since log (Zi*) is the sum of i independent random variables
following the same distribution, it approximately follows a normal
distribution as i gets large (Central Limit Theorem). As a result,
Zi* is log-normally distributed [1]:
− (log Z i* −u ) 2 / 2 v 2

Z v 2π
*
i

In the meantime, the median (exp (u)) and mode (exp (u-v2)) of Zi*
both converge towards zero. Since Zi* is the ratio between σi2 and
σ02, the values of σi2 are expected to be mostly distributed close to
zero as the evolution progresses. Note that its expected value is a
constant, which means that σi2 values significantly larger than σ02
can be found in some cases.
Hence, the expected value of σi2 is found to be always identical to
the initial variance σ02 but the variance of σi2 monotonously
increases during generations. However, the distribution of σi2 is
not symmetric with regard to its mean. Instead, it is proven that
the values of σi2 are mostly close to 0 when the number of
generations gets large. Consequently, in practice, the Gaussian
model is expected to collapse with high probability.
The above phenomenon is intuitively interesting and will happen
in any experimental results with UMDAC. Note that, with a small
probability, the values of σi2 could also get very large.

From Eq. 9, it follows that:

e

(15)

(8)

+ Var(∏Z 'j ) ⋅ Var(Z i' )) ⋅ σ 04

f ( Z i* ; u, v) =

(13)

Consequently, the probability that Zi* is less than 0<ε≤1 is given
by (u =-0.5 v2):

i −1

∏
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Since Var (Zi*) increases monotonically (Eq. 8), the values of u in
Eq. 12 and v2 in Eq. 13 will consistently move towards negative
and positive infinity respectively.
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In the general case, it then follows that:
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The cumulative distribution function of Zi* is known as:
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3.2 Theoretical Analysis of µ
The other parameter of the UMDAC model is the Gaussian mean µi.
Given the initial Gaussian model N (µ0, σ02), it is well known that
the sample mean of n individuals (equal to µ1) follows a normal
distribution:

E ( µ1 ) = µ 0
Var ( µ1 ) =

(16)
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Applying Eq. 16 and Eq. 17 iteratively, µi can be represented by
the sum of i random variables:
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In Eq. 18, aj is a random variable following the standard normal
distribution. The expected value and variance of µi are:
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Substitute Eq. 21 into Eq. 20:
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This shows that the expected value of the model parameter µi is
always identical to the initial mean µ0 while its variance increases
linearly during generations. Consider the dynamics of the UMDAC
model to be that of a certain type of random walk. The walk has a
tendency to be symmetric about the initial mean parameter value,
but its location becomes increasingly variable over time. After a
large number of generations on a flat landscape, the model
variance will often converge towards zero. However, it is also
possible for the parameter to have an arbitrary large value after
some number of generations. On other fitness functions, this
behavior will still contribute to the model dynamics and could
have an effect on the performance of the algorithm.
To illustrate the flat landscape dynamics of UMDAC, Figures 1
and 2 show the mean and variance parameters respectively of the
model for 5 trials, over 500 generations. The initial model
parameters were determined from an initial population generated
uniformly in [-5, 5]. The population size (m) was 100, and n=50.
This shows the random walk behavior discussed above and the
effect that the finite sample size has on the evolution of the model
parameters.

4. EXPERIMENTS
To empirically verify the soundness of the above conclusions, an
experiment was conducted using UMDAC on a flat landscape with
the following parameters: m=50, n=20, µ0 =0 and σ02 =1. Note that
the results are independent of the value of m. 100,000 independent
trial runs of the algorithm were conducted.
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Figure 1. The evolution of the mean parameter over 5
individual trials.

Since E (aj) =0 and Var (aj) =1, following the rule in Eq. 6:
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Figure 2. The evolution of the variance parameter over 5
individual trials.
The distributions of µi and σi2 are plotted in Figures 3-6
respectively. The values predicted by the theoretical results above
are shown as solid lines while the empirical simulation values are
shown as circles. In all plots, both theoretical and empirical results
match closely to each other. Figure 7 shows the histogram of the
values of σ2 after 5 generations. It is clear that the distribution is
biased towards 0, although its mean value is around 1. However,
there are trials, where the values of σ2 did reach values
significantly larger than σ02.
Since the sample variance is likely to be less than the variance of
the Gaussian model, in practice, UMDAC may actually converge
faster than expected. To compensate for this effect, a simple
modification to the algorithm is to scale the newly generated
individuals so that their variance is identical to the variance of the
Gaussian model.
In order to demonstrate the impact of this variance adjustment, an
experiment was conducted with the following parameters: m=20,
n=10, µ0= -10 and σ02 = 1. The test problem in this case was the
quadratic (sphere) function f (x) =∑xi2 (i=1, …, 5) and all results
were averaged over 10,000 trials.

Figure 3. Theoretical and empirical mean values of µ.

Figure 6. Theoretical and empirical variances of σ2.

Figure 4. Theoretical and empirical variances of µ.

Figure 7. The distribution of σ2 after 5 generations.

Figure 5. Theoretical and empirical mean values of σ2.

Figure 8. Comparison of µ with/without variance adjustment.

The values of µ and σ2 over generations are plotted in Figure 8 and
Figure 9 respectively where the solid lines represent the original
results and the solid lines with circles represent the results with
variance adjustment. Note that there are five µ values and five σ2
values plotted in each generation (one for each dimension), which

almost completely overlap each other. It is clear that the
convergence speed (i.e., collapse of the model variance) was
reduced when the variance adjustment was applied (Figure 9).
Also, the mean of the Gaussian model made more progress
towards the global optimum at the origin (Figure 8).
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5. CONCLUSIONS
The analysis presented in this paper provides a description of the
dynamics of the UMDAC algorithm on a flat landscape when a
finite population is used. As might be expected, the Gaussian
model in UMDAC with finite populations tends to collapse
(variance shrinks to zero, thereby causing the model to “converge”)
on flat landscapes. We show that this phenomenon is more likely
to happen as the number of generations gets large. However, the
analysis also reveals a more subtle phenomenon: it is also possible
for the variances of the Gaussian model to go another way by
becoming significantly larger than the initial variances, as the
evolution of model parameters is governed by probability
distributions. The implication is that, regardless of the test fitness
function, the effect of finite sampling in model estimation should
never be ignored, especially when the population size is small.
One of the major directions for future work is to perform a full
analysis of UMDAC on non-flat landscapes. Also, it is important
to extend the current results to higher dimensional spaces. It is
expected that, for the general situations, the set of equations
required could be very complicated, although the underlying
principles and techniques used in this paper are still likely to be
applicable to some extent.
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