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ABSTRACT

Success rate is a commonly adopted performanceriarit for
evaluating Evolutionary Algorithms due to their énbnt
randomness. However, the classical large-samplenta test
based on normal distributions is only valid withredatively large
number of trials, which may not be feasible whepeginental
studies are very time consuming or expensive. his paper, we
give an alternative statistical test, which is ahli¢ for situations
where results from only a small number of triaks available.

Categoriesand Subject Descriptors
G.3 [Probability and Statistics]: Experimental Design.

General Terms
Algorithms, Measurement, Performance, Experimentati

K eywords: Performance Metric, Success Rate, Hypothesis Test

1. INTRODUCTION

Evolutionary Algorithms (EAs) and other metaheigistigorithms
are often relatively simple in terms of implemeiatat However, it
is still generally impossible to investigate thdinadly the behavior
of these algorithms unless significant assumptiares made on
either the algorithms or the problems to be sol&ghsequently,
EAs are primarily evaluated and compared empisicallsing
artificial benchmark problems or problems deriveahf real-world
domains [1-3].

Success rate is one of the commonly used perfoenaeasures for
assessing the performance of EAs, which is defiasd the
proportion of trials in which the termination criten was met (e.g.,
the desired fitness level was obtained). From gpothesis testing
point of view, comparing the success rates of tégmrahms is
equal to testing the difference between two pomrigbroportions
(the results of each algorithm are regarded as lsanfpm an
underlying binominal distribution with unknown purtion).
According to the Central Limit Theorem, the sampteportion
follows approximately a normal distribution wherethumber of
samples is large.

However, in some cases, each trial may take afisiginti amount of
time to finish and/or the objective function is werxpensive to
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evaluate. In such cases, it is likely that onlyew firials can be
allowed and the hypothesis test on success rase® liee performed
based on a small number of sample points. Unfortlnathe
classical large-sample binominal test is no longsid and in this
paper we will focus on small-sample inferences eaming the
difference between population proportions for tharppse of
comparing the success rates of EAs.

2. LARGE-SAMPLE HYPOTHESISTEST

The probability density function of a binominaltdisution is:

b(x,n, p) = @ pPa-pT= P L-pP™ @)
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In Eq. 1,x is the number of successes amangials where the
probability of success ig (the proportion). The expected value and
the variance ok arenp andnp(1-p) respectively.

The unbiased estimator for the difference in pdmnaproportions
(p1-p2) is the difference in the corresponding samplep@rions
(x/mxo/n) wherex; andx, are the number of successes in the two
samples respectively. In this paper, it is alwagsumed that the
samples are of equal sizes=).

The variance of the sample proportion is:
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The variance of the difference of the two samptpprtions is:
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Whenn is large, the sample proportions as well as ttiffierence

are approximately normally distributed. In this eapthe null
hypothesis i$y: p;-p,=0 and the corresponding test statistic is:
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The alternative hypothesis 8, p;-p.>0 (one-tailed) and the
rejection region is 2 Z, whereZ, is determined by the predefined
significance leved.




3. SMALL-SAMPLE HYPOTHESISTEST

The major advantage of the test procedure desciib8éction 2 is
that the test statistic can be computed very efiity and the critical
values (for a range of significance levels) areilabke in many
statistics textbooks.

However, the Central Limit Theorem holds only farge sample
sizes and alternative statistical techniques ageined when the

number of available trials is small. In this seatiwe will show how

to calculate the p-value analytically, without using the
approximation of normal distributions.

The p-value (observed significance level) can be intggat as the
probability of observing samples equally or moratcadictory to
the null hypothesis compared to the value thatadlgtuesulted.
Since the resulted difference between the two szsnipl d*=x;-X,,
for the one-tailed test discussed in this paperpialue is equal to
the probability of observing ® d* (i.e., the difference between the
number of successes in the two samples is equal éwen greater
than x;-%,). Without loss of generalization, in this paperist
assumed thag-x>0.

Given the common proportignas defined in Eq. 4, the sum of the
probabilities of observing all possible sample dsd#isfying this
condition is given by:

C(p) = zmp 1- p){zmp (1- p)"‘i} ©)

i=d” j=0

It can be seen from Eq. 5 that the number of sgeseim the first
sample ) is always no less than d* greater than the nunalfer
successes in the second sample (

A similar statistical test has been proposed 5[4,

c(p) =zmp a-p" Dzmp L-p)™  ®

i=x j=0

Eq. 6 represents the cumulative probability of olbieg at leastx;
successes in the first sample and at mpsticcesses in the second
sample. However, what matters is the differencevdseix; andx,,
instead of their actual values. In fact, given il hypothesis, we
are only interested in how likely it is that thenmuers of successes

in the two samplediffer from each other to a certain extent. Since

Eq. 6 imposes a stricter condition on the samgptesyill only
consider a subset of the sample specified by EGoBsequently, it
will underestimate th@-value, making it more likely to make the
Type | error (the null hypothesis is rejected whieere is actually
not enough evidence).

It should be mentioned that, in [4, 5], the comnpwaportion is
defined differently from its counterpart in Eq. ddaEq. 5. Instead
of using the pooled estimate, the specific valag thaximizes Eq. 6
is used. Unfortunately, there is no analytical sotu to this
optimization problem and the requirpdhas to be obtained through
searching, which involves heavy computation.

The p-values for different combinations &f, x, andn values are
given in Table 1 in which A, B and C represent statistical tests
based on Eq. 5, Eq. 4 and Eq. 6 respectively. T&emmples cover
both small-sample cases where the classical tegt 4 is not
applicable as well as large-sample cases in omleprovide a
comprehensive head-to-head comparison.

Table 1. The p-valuesfor some selected examples

X X n Statistical Tests

5 3 10 062470 2.1807 0.1403

10 0.0202 0.0123 0.0102
9 6 10 0.0963 0.0607 0.0551
25 15 50 0.0260 0.0260 0.0093
40 15 50 2.48e-7 2.51e-7 6.25e-8
45 30 50 0.0188 0.0145 0.0067
50 30 100 0.0024 0.0019 6.72e-4
80 60 100 0.0013 0.0010 3.46e-4
90 80 100 0.0298 0.0238 0.0106

#: Thep-values of test C were obtained using the onliteutator available
at: http://qualopt.eivd.ch/stats/?page=stats

Firstly, by comparing test A and test B, it is clé@at, with a small
sample size, the classical test often underestinthtetruep-value

and as the sample size goes up, the differencesbptiest A and
test B becomes less and less obvious. Since tbksré®m test B
with large sample sizes are known to be trustablempirically

verifies the correctness of the proposed test A.

Secondly, there is a distinct contrast betweerGestd others. In all
of the above examples, it gives a much smallemlue, which
means that it is likely to reject the null hypotkeshen there is
actually not enough evidence against it. As a tesulis very
dangerous to establish conclusions based on this te

4. CONCLUSION

This paper addresses an important question in iexpetal studies
of EAs: how to compare the success rates of aigositwith only a
few trials. In review of the classical large-sampigothesis test
based on normal distributions, a new test procedurdeveloped,
which is well suited for comparing the success sratgthout

imposing any constrains on the sample size.

Comparative experiments show that the new testepoe can
produce similar results as the classical test ihersample size is
large and it is still applicable with small sampies. In the
meantime, the existing small-sample test alwayslywes biased
results (smallep-values) and is not recommended.
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