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Abstract. The traveling salesman problem with neighborhoods (TSPN) is a
generalization of TSP and can be regarded as a combination of TSP and TPP
(Touring Polygons Problem). In this paper, we propose a hybrid TSPN solution
named ACO-iRBA in which the TSP and TPP tasks are tackled simultaneously
by ACO (Ant Colony Optimization) and iRBA, an improved version of RBA
(Rubber Band Algorithm), respectively. A major feature of ACO-iRBA is that it
can properly handle situations where the neighborhoods are heavily overlapped.
Experiment results on benchmark problems composed of random ellipses show
that ACO-iRBA can solve TSPN instances with up to 70 regions effectively and
generally produce higher quality solutions than a recent heuristic method CIH.
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1 Introduction
TSP with neighborhoods (TSPN), introduced by Arkin and Hassin [1], is a generalization of TSP. The scenario of TSPN can be explained as follows: a salesman wants to
meet a group of potential buyers; each buyer speciﬁes a connected region in the plane
(neighborhood) within which he/she is willing to meet the salesman; the salesman
needs to schedule a tour with the shortest length that visits all buyers and ﬁnally returns
to the initial departure point [2, 3].
Since TSPN is a generalization of TSP, TSPN is also an NP-hard problem. Traditionally, there are mainly two ways to solve TSPN problems. The ﬁrst one is to
convert TSPN to group TSP (GTSP) by sampling some points in each region and
replace neighborhoods with the corresponding points [4–6]. However, it has two
drawbacks: (i) the search space can increase signiﬁcantly if too many points are
sampled from each region; (ii) using GTSP to approximate TSPN will inevitably bring
in errors and may not obtain satisfactory results.
Another approach relies on the divide-and-conquer strategy. For example, each
region can be reduced to a single point as the representative and TSPN is transformed
into two sub-problems: TSP and touring polygons problem (TPP) [7]. In practice, a
TSP solver is applied on the set of representatives to acquire a visiting sequence. Then,
this sequence of regions is used as the input of the TPP solver, which searches for an
optimal visiting point for each region. However, it is usually not known how to choose
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the proper representatives and consequently the sequence obtained by the TSP solver
may not be a good sequence for TPP/TSPN, leading to sub-optimal solutions.
Recently, Gentilini et al. [8] formulated TSPN as a non-convex mixed-integer
nonlinear programming (MINLP) problem, which is efﬁcient only for TSPN with a
small number of regions. Alatartsev et al. [9] proposed a heuristic TSPN method named
Constricting Insertion Heuristic (CIH), which splits TSPN into TSP and TPP and
solves them simultaneously. Their experiments show that high quality solutions can be
obtained within a short period of time for problems with more than 100 regions.
As to TPP, the rubber band algorithm (RBA) by Bülow and Klette [10] is aimed at
ﬁnding minimum-length polygonal curves in cube-curves in 3D spaces. Variations of
this algorithm have been used to solve various Euclidean shortest path (ESP) problems,
such as touring polygons, parts cutting, safari and the watchman route.
In this paper, we ﬁrst modify RBA to make it suitable for cases with overlapping
regions and then propose a hybrid algorithm ACO-iRBA to solve TSPN with overlapping neighborhoods effectively. The proposed algorithm splits TSPN into TSP and
TPP, which are solved in parallel rather than step by step. Section 2 introduces the
related techniques and the details of ACO-iRBA are presented in Sect. 3. The experiments investigating the effectiveness of iRBA compared with RBA and the performance of ACO-iRBA compared with CIH on 18 TSPN benchmark instances are given
in Sect. 4. This paper is concluded in Sect. 5 with some directions for future work.

2 Related Work
2.1

RBA

The basic version of TPP is to ﬁnd a shortest path, which starts at p and then visits
the polygons according to the given order, and ﬁnally ends at q (p; q are two points that
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do not belong to any polygons). There are many algorithms for solving TPP or its
variants [11–14] and it is a NP-hard problem except in some special cases [11].
Pan et al. [12] proposed an effective TPP algorithm based on RBA. RBA features
linear time complexity and can handle large scale problems efﬁciently. The general
structure of RBA is shown as Algorithm 1 where @Ai is the frontier of polygon Ai and
d ðpi ; pi þ 1 Þ is the distance between pi and pi þ 1 .
The basic idea of RBA is to construct a feasible tour T ¼ ðp1 ; . . .; pn Þ by randomly
allocating one point inside each region with pi 2 Ai and iteratively improving it. In
each iteration, in order to ﬁnd a better point p0i 2 @Ai , the adjacent points pi1 and pi þ 1




of pi are ﬁxed, so that the distance d pi1 ; p0i þ d p0i ; pi þ 1 can be minimized (Fig. 1).
For example, if the region is a disk, we can ﬁnd p0i by performing a binary search on the
radian values within ½0; 2p. RBA stops when a maximum number of iterations are
performed or the desired accuracy threshold e is reached.

Fig. 1. An illustration of Step 5 in Algorithm 1 where point pi is replaced by a new point p0i

2.2

TSP-TPP

The TSP-TPP strategy solves TSPN in two steps: (i) construct a TSP Tour based on
representative points ðp1 ; . . .; pn Þ; (ii) search for a set of n meeting/visiting points based
on the sequence produced in the previous step. Suppose pTSP is the permutation of
representative points in the optimal TSP tour, whereas pTSPN is the permutation of
regions in the optimal TSPN tour. The key idea is to use pTSP in place of the unknown
pTSPN in the search process for the optimal meeting points.
The validity of the TSP-TPP strategy is established on the assumption that when the
sizes of regions are small enough with respect to the distances among them, pTSP is
likely to be identical to pTSPN . Yuan et al. [7] investigated TSPN with pairwise disjoint
disks and the results show that the TSP-TPP strategy works well in practice. However,
Fig. 2 gives a counterexample with pTSP ¼ ð1; 2; 3; 4; 5Þ and pTSPN ¼ ð1; 3; 2; 4; 5Þ,
which is more likely to happen when regions are close to each other or even
overlapped.
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Fig. 2. A case where pTSP (left) is different from pTSPN (right) when point 3 is replaced by a disk.
The TSPN tour (right) is also shorter than the TSP tour (left).

3 Methodology
3.1

iRBA

#



The function is in Ai ; pj is to judge whether point pj is within region Ai .

RBA works well for TPP in non-overlapping cases. However, the regions in TSPN
may be signiﬁcantly overlapped, resulting in unsatisfactory performance. In Fig. 3, pi1
and pi þ 1 , the two adjacent points of pi , are both located within region Ai . Since RBA
only checks the candidate points on the frontier of region Ai , it cannot correctly identify
the optimal point located inside Ai .
So, we propose iRBA by modifying the original RBA to solve the above issue.
iRBA works by checking whether the two adjacent points of pi are both inside region
0
Ai before searching for the new point pi . If so, iRBA simply takes the midpoint between
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Fig. 3. A case where the optimal point p0i is within Ai rather than on the frontier of Ai

pi1 and pi þ 1 as p0i , that is, p0i ¼ ðpi1 þ pi þ 1 Þ=2. The implementation details of iRBA
are shown in Algorithm 2.
3.2

ACO-iRBA

Although it is tempting to identify the sequence of regions by solving a TSP problem in
the ﬁrst place and ﬁx it during the subsequent TPP phase, there is no guarantee that this
TSP sequence is optimal for the corresponding TSPN, as shown in Sect. 2.2.
In this paper, we propose a hybrid algorithm that combines evolutionary algorithms
(EAs) for the TSP phase and dedicated heuristic methods for the TPP phase. The main
idea is to evolve a population of individuals representing candidate sequences for
TSPN and apply a TPP solver on each individual. The tour length obtained by the TPP
solver is returned as the ﬁtness value of the speciﬁc individual, which is the key
information that drives the evolution. In this way, the TSP phase and the TPP phase are
optimized simultaneously, making it possible to achieve better solutions.
There are many TSP algorithms in the domain of EAs [15–18]. We adopt ant
colony optimization (ACO) largely due to two concerns:
(i) ACO is purposefully designed to solve path planning problems;
(ii) ACO is a metaheuristic algorithm with great flexibility and can be potentially
applied to different problems.
The basic version of ACO [17] was used in our work, as our current focus is to
demonstrate the feasibility of the proposed hybrid strategy while leaving in-depth
reﬁnement as future work.
In ACO, the migration probability (i.e., ant k moves from city i to city j) when
constructing a route is deﬁned as follows:
saij gbij
pkij ¼ P
a b
s sis gis

s 2 allowedk

ð1Þ
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where allowedk ¼ C  tabuk is the collection of alternative cities for ant k (tabuk
represents the cities that ant k has visited and C is the collection of total cities). gij is a
heuristic function, which is the inverse of the distance between cities iand j
(gij ¼ 1=dij ). b is a parameter that weights the importance of heuristic information, and
the larger b is, the more greedy the rule is. sij is the amount of pheromone trail on edge
eij , and a is a parameter that weights the importance of the accumulated pheromone: the
larger its value, the tighter the cooperation among the population.
Once the travel of ants is ﬁnished, sij is updated according to the following rules:
sij ðn þ 1Þ ¼ ð1  qÞsij ðnÞ þ Dsij
Dsij ¼

Xm
k¼1

Dskij

ð2Þ
ð3Þ

where qð0  q  1Þ is the pheromone volatilization coefﬁcient and Dskij is the pheromone that ant k leaves on the edge eij . Dorigo and Gambardella [16] presented three
rules of Dskij among which the Ant Cycle System is widely used:
Dskij

¼

Q
Lk

0;

; if ant k has passed eij in this cycle
else

ð4Þ

where Q is a constant that can be simply set to 1 and Lk is the route length of ant k in
this cycle. Note that we use the TPP length Tk returned by iRBA as Lk , which means
that iRBA is applied to every sequence sk to get Tk (i.e., Tk ¼ iRBAðsk Þ) with region
centers selected as the initial points.

4 Experiments
The following experimental studies were conducted on a PC with Intel Core i7-3770
CPU at 3.4 GHz with 8 GB RAM and all algorithms were implemented in Matlab
2014a. In the ﬁrst part of experiments, we compared iRBA with RBA on randomly
generated synthetic problems with overlapping regions. In the second part of experiments, we compared ACO-iRBA with CIH on 18 benchmark problems.
4.1

Experiment on iRBA

Each problem consisted of a set of ellipses in a 4  4 rectangle with random radius
values and locations. Therefore, the overlap rate is expected to grow with the number
of ellipses. We selected the centers as initial points to get the best TSP sequence, and
then used this sequence as the input for RBA and iRBA. The results are given in Fig. 4.
In Fig. 4, q is an index used to measure the relative improvement of iRBA:
q ¼ ðRBA  iRBAÞ=RBA. The greater q is, the better the relative performance of
iRBA. The horizontal axis represents the number of regions in each problem, ranging
from 5 to 25. To account for randomness, 20 instances were generated for each case
and the average q values and error bars are plotted. It is clear that there is a positive
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Fig. 4. The effectiveness of path reduction by iRBA compared to RBA

correlation between q and N, which means that the beneﬁt of iRBA over RBA is more
signiﬁcant when regions are heavily overlapped. The results on one of the instances are
shown in Fig. 5.
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Fig. 5. The comparison of routes found for an instance (N ¼ 10) by RBA (left, length = 5.05)
and iRBA (right, length = 4.47)

4.2

Experiment on ACO-iRBA

In order to evaluate the performance of ACO-iRBA, we chose the 18 test instances
developed by Gentilini et al. [8]. For example, the instance labeled “30_1_5” is an
instance with 30 ellipses and the radius of one axis is stretched by one to ﬁve times, in
comparison to another axis. Alatartsev et al. [9] gives a detailed description on how to
construct the instances and the best known values of instances are also available [19].
In our experiment, the number of ants m was 200 and the number of iterations N
was 100. Other parameter values were: a ¼ 1; b ¼ 5, Q ¼ 1; e ¼ 0:2. Figure 6 shows
a TSPN tour for instance “30_1_10”, and all results over 30 trials are given in Table 1.
In Table 1, the performance is measured by the relative distance to the best known
result with optimal value 0. For example, 2% means that the length of the TSPN tour is
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Fig. 6. The TSPN route for instance “30_1_10” with length 307.895

Table 1. The performance of ACO-iRBA on TSPN instances with 20 to 70 ellipses
No.

Instance Best known value CIH
(%)
1
20_1_1 318.904
2.39
2
20_1_5 312.915
3.30
3
20_1_10 252.350
0.00
4
30_1_1 383.578
1.44
5
30_1_5 316.854
0.00
6
30_1_10 306.637
0.00
7
40_1_1 416.556
3.58
8
40_1_5 366.637
0.53
9
40_1_10 311.714
0.00
10
50_1_1 438.215
3.10
11
50_1_5 435.158
6.97
12
50_1_10 391.303
2.44
13
60_1_1 559.042
8.87
14
60_1_5 550.121
2.93
15
60_1_10 482.289
7.85
16
70_1_1 599.819
5.74
17
70_1_5 564.303
7.60
18
70_1_10 447.452
9.28
Avg.
3.67

ACO-iRBA
Best (%) Avg. (%) Std
0.00
0.02
0.338
0.00
0.01
0.607
0.17
2.57
1.420
0.06
0.14
0.864
1.47
2.47
2.384
0.34
0.74
1.017
2.06
2.76
1.327
1.08
1.89
3.474
8.44
9.30
4.391
1.97
2.50
2.242
2.67
3.40
0.943
6.71
8.65
4.147
1.66
1.89
2.431
1.64
2.25
4.379
5.31
5.84
1.540
2.93
3.91
2.224
4.13
5.58
7.580
6.56
9.05
5.788
2.57
3.51

2% longer than the best known shortest tour. On 12 out of the 18 test instances, the best
tours found by ACO-iRBA over 30 trials were better than those found by CIH. On
average, the best tours found by ACO-iRBA were only 2.57% longer than the best
known shortest tours, compared to 3.67% of CIH.
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Moreover, there is a clear tendency that when the number of ellipses was larger, the
advantage of ACO-iRBA over CIH was also more consistent. Furthermore, Fig. 7
shows the convergence pattern of ACO-iRBA averaged over 30 trials on problems with
different numbers of ellipses. The vertical axis shows the ratio between the best tour
length at the 100th iteration and that at the current iteration, showing that in most cases
our algorithm features quick convergence speed.
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Fig. 7. The convergence of ACO-iRBA with different numbers of eclipses. The vertical axis
shows the relative performance compared to the ﬁnal value at the 100th iteration.

5 Conclusion
This paper presented a hybrid algorithm ACO-iRBA to solve the challenging TSPN
problems, which is purposefully targeted at cases with signiﬁcantly overlapping
neighborhoods. In order to solve TSPN, we divided TSPN into two sub-problems: TSP
and TPP and solved them simultaneously, avoiding the potential drawbacks of solving
them in separate stages. The proposed iRBA is an extension of RBA and suits for
touring a sequence of overlapping regions. Note that, as the TSP solver, ACO can be
conveniently replaced by other EA-based TSP algorithms that take the tour lengths
produced by iRBA as inputs, bringing high flexibility to the proposed method.
Experimental studies on 18 standard test instances conﬁrmed that ACO-iRBA worked
reasonably well in most cases compared to CIH, which is one of the latest heuristic
methods for TSPN, especially when the space was densely populated by ellipses. As to
future work, we will generalize our algorithm to situations where the regions are
represented by irregular shapes, instead of circles or ellipses.
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